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The failure of a sloping ground due to static liquefaction occurs when the shear stress applied by a monotonic triggering load exceeds the
undrained yield (peak) shear strength of the saturated liqueﬁable cohesionless soil. Current practices for determining the in-situ undrained yield
strength for grounds subjected to static shear stress rely on either a suite of costly laboratory tests on undisturbed ﬁeld samples or empirical
correlations based on in-situ penetration tests, which fail to account for the effect of soil dilatancy in decreasing the degree of strain-softening and
the brittleness of cohesionless soils with an increasing penetration resistance. In this study, the effect of soil dilatancy on the static liquefaction
failure of cohesionless soils is characterized by an empirical relationship between the soil brittleness index and the undrained yield strength from
a database of 813 laboratory shear tests collected from the past literature. The application of this relationship for estimating the static liquefaction-
triggering strength of cohesionless soils under sloping ground conditions is validated by comparing several cases of liquefaction ﬂow failures.
Finally, a procedure is brieﬂy demonstrated for evaluating the triggering of static liquefaction in a dyke to the north of Wachusett Dam and
Duncan Dam which incorporates the dilatancy behavior of cohesionless soils in a semi-empirical procedure based on in-situ penetration tests.
& 2014 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Failure due to liquefaction ﬂows occurs in saturated loose
cohesionless soils subjected to an initial static shear stress
(e.g., in a sloping ground or beneath a foundation) when the
soil resistance becomes lower than the static driving shear
stress. The sudden nature and the very large shear displace-
ments associated with liquefaction ﬂow failures have made this
phenomenon one of the most catastrophic mechanisms in
the failure of slopes and embankments of saturated loose
cohesionless soils. A liquefaction ﬂow failure requires a10.1016/j.sandf.2014.09.009
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der responsibility of The Japanese Geotechnical Society.triggering mechanism to initiate liquefaction and undrained
strain-softening.
When a soil is sheared, its volume may increase (dilate) or
decrease (contract) depending on its density and the magnitude
of the effective stress applied on the soil. However, when this
change in volume is inhibited during undrained (constant-
volume) shearing, the tendency to dilate (“positive dilatancy”)
or contract (“negative dilatancy”) is offset by an equally
opposite elastic volumetric strain, which produces changes
in the pore water pressure (Jefferies and Been, 2006).
As illustrated in Fig. 1, static liquefaction is triggered in a
saturated loose cohesionless soil by a monotonically-increasing
shear load (e.g., raising the embankment height, oversteepen-
ing, the slope, toe erosion, rapid sediment accumulation,
construction loading, weight of the construction/repair equip-
ment, tidal changes, reservoir ﬁlling, slumping and progressiveElsevier B.V. All rights reserved.
Fig. 1. Schematic liquefaction-triggering mechanism by monotonic undrained
stress path.
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stress path crosses the instability line (Lade, 1992) at su(yield).
Strain-softening subsequently follows the initiation of lique-
faction until a reduced post-liquefaction strength, su(liq), is
mobilized at large shear strains (Terzaghi et al., 1996). The
February 1994 ﬂowslide failure of the Merriespruit gold
mine tailings dam in Virginia, South Africa, which released
600,000 m3 of waste tailings over a distance of more than
2000 m, killed 17 people and destroyed 280 houses (Fourie
et al., 2001), and the March 1918 ﬂowslide failure of Calaveras
Dam in California, which traveled about 200 m (Hazen, 1918),
are examples of liquefaction ﬂow failures triggered by mono-
tonic loads produced by the oversteepening of the Merriespruit
tailings dam and the rapid construction of the Calaveras Dam.
Liquefaction ﬂow failures resulting from monotonically-
increasing loads have also occurred extensively in natural soil
deposits in offshore or coastal areas, for example, along the
shores of the straits between the islands of Zeeland, Nether-
lands (Bjerrum, 1971; Koppejan et al., 1948) or along the
banks of the Mississippi River (Castro, 1969) damaging dykes
and revetments and ﬂooding downstream lands. Olson (2001)
and Muhammad (2012) described several other cases of
liquefaction ﬂow failures. Understanding and quantifying the
fundamental soil behavior associated with the triggering of
these tragic events is an important step in liquefaction analysis
and in determining the risk of liquefaction ﬂow failures. This is
particularly necessary for the design of large and high-risk
earth structures, such as mine tailing impoundments, earth
dams, and heavy building foundations for which a liquefaction
failure has the potential to result in a ﬂowslides, extensive
damage, and loss of lives. Proper liquefaction mitigation and
soil improvement techniques could then be implemented in the
design or retroﬁtting of these critical structures if liquefaction
triggering is found. Dilatancy is a fundamental aspect of soil
shearing behavior which depends on soil density and the
effective stress level. Based on a large database of laboratory
shear tests, this study introduces an empirical relationship
between su(yield) and su(liq), which captures the effect of soil
dilatancy on the undrained strength of loose cohesionless soils.
This relationship is employed for the estimation of su(yield)
from in-situ penetration tests.2. Liquefaction-triggering analysis of sloping grounds
An analysis of liquefaction triggering can determine whether
or not liquefaction and a loss in undrained strength would occur
in a liqueﬁable cohesionless soil under given loading conditions.
This involves evaluating whether the combined initial static (τc)
and monotonic-triggering shear stresses are sufﬁcient to over-
come su(yield). Several methods are available for determining
the su(yield) of cohesionless soils. These include: (A) laboratory
shear tests, (B) numerical analyses of soil constitutive models
(Buscarnera and Whittle, 2013; Fuentes et al., 2012; Jefferies,
1993; Mroz et al., 2003; Park and Byrne, 2004), and (C)
empirical correlations with in-situ penetration tests (Mesri,
2007; Olson and Stark, 2002; Stark and Mesri, 1992). Some
of the major challenges and practical limitations of these
methods are described in the following paragraphs.
Laboratory shear tests (Method A) provide the only direct
measurement of su(yield). However, as the su(yield) of
cohesionless soils is highly sensitive to the soil composition
(mineralogy and gradation), fabric, sample disturbance, and
soil-mixing effects, undisturbed samples obtained by ground
freezing techniques should be used. While ground freezing
is the only sampling method that can preserve the in-situ
microstructure of cohesionless soils and provide relatively
undisturbed samples (Hofmann et al., 2000), it is an expensive
and onerous procedure that is only feasible in certain large
projects. Even then, the su(yield) measured by subjecting a
limited number of undisturbed samples to a particular mode of
shear (e.g., triaxial compression, triaxial extension or direct
simple shear) will not represent the in-situ liquefaction-
triggering behavior of the entire soil layer. This is because of
the natural heterogeneity and variability of in-situ cohesionless
soils and the complex loading conditions present in the ﬁeld.
On the other hand, although numerical analyses (e.g., ﬁnite
element or ﬁnite difference analyses) with advanced soil
constitutive models (Method B) can replicate a wide range
of loading conditions, it is difﬁcult to apply or validate such
analyses even with the best-documented cases. This is because
of the difﬁculties and uncertainties involved with the selection
and calibration of the soil constitutive model, the complex
input parameters, and the loading conditions. A number of
advanced laboratory shear tests on undisturbed soil samples
would be required to obtain the calibration parameters for the
soil constitutive model, compromising the feasibility of this
method for routine liquefaction-triggering analyses.
Accordingly, empirical correlations with the in-situ Standard
Penetration Test (SPT) blow count, (N1)60, or Cone Penetration
Test (CPT) tip resistance, qc1 (Method C), are often used for
estimating the in-situ triggering strength because of their
simplicity, convenience, lower costs, and nearly continuous
measurements. These correlations, which were established
based on past liquefaction ﬂow failures (Mesri, 2007;
Olson and Stark, 2003; Stark and Mesri, 1992), fall short of
accounting for the fundamental effect of a soil's dilatancy
potential to decrease the amount of loss in undrained strength
following the triggering of static liquefaction with increasing
penetration resistance.
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River sand (Sadrekarimi, 2009) and Toyoura sand (Verdugo,
1992) specimens at different consolidation relative densities
(Drc) in undrained triaxial compression tests isotropically
consolidated to conﬁning stresses of 370 kPa and 490 kPa,
respectively. According to this ﬁgure, while su(yield) and
su(liq) both increase with an increasing Drc, su(liq) exhibits
larger increments with an increasing Drc than su(yield), such
that the amount of strength reduction from su(yield) to su(liq)
decreases with the increasing soil dilatancy potential as a result
of the increasing Drc. As the normalized in-situ penetration
resistance ((N1)60 or qc1) is essentially a measure of
Drc (Cubrinovski and Ishihara, 1999; Jamiolkowski et al.,
1985; Kulhawy and Mayne, 1990), the amount of strength
reduction from su(yield) to su(liq) would also decrease with an
increasing (N1)60 or qc1 as a result of the increased dilatancy
potential.
However, as illustrated in Fig. 3, none of the existing
empirical relationships (Mesri, 2007; Olson and Stark, 2002,
2003; Stark and Mesri, 1992) account for this fundamental soil
behavior. These methods assume that su(yield) increases withFig. 2. Undrained shear behavior of (a) Illinois River sand (Sadrekarimi, 2009)
and (b) Toyoura sand (Verdugo, 1992) specimens in triaxial compression tests
at different relative densities.an increasing (N1)60 or qc1 at the same rate (Mesri, 2007;
Olson and Stark, 2002, 2003) or at an even greater rate
(Stark and Mesri, 1992) than su(liq). Hence, the loss in the
soil's undrained strength from su(yield) to su(liq) remains the
same or increases with an increasing (N1)60 or qc1, whereas
these two lines should meet at a certain penetration resistance
when the soil strain-softening behavior diminishes. A direct
implication of this negligence is that these correlations cannot
differentiate among liquefaction ﬂow failures with different
travel distances, and therefore, cannot explain, for example,
why the liquefaction ﬂow failure of the Merriespruit tailings
dam traveled more than 2000 m, while the ﬂow failure of the
Calaveras Dam moved about 200 m. In summary, the existing
methods for liquefaction-triggering analyses and the estimation
of su(yield) for grounds subject to static shear stress require
either advanced and costly laboratory shear tests or are
incompatible with the dilatancy behavior of cohesionless soils.
These could result in considerable expenses or inaccuracies in
the estimations of su(yield).3. Database of laboratory shear tests
A large database of 813 direct simple shear (DSS) tests,
hollow cylindrical torsional shear (HCTS) tests, plane strain
compression shear (PSC) tests, ring shear (RS) tests, and
axisymmetric triaxial compression shear (TxC) tests are
collected in this study. They cover a very wide range of ﬁnes
contents, FC (0–84.6%), consolidation relative densities, Drc
(41 to 94% corresponding to consolidation void ratios of
ec¼0.34–1.287), consolidation major principal stresses, σ01c
(29–8939 kPa), specimen preparation techniques (AP: air
pluviation; WP: water pluviation; MT: moist tamping), and
consolidation principal stress ratios (Kc¼σ03c/σ01c) ranging
from 0.33 to 1.0. Table 1 summarizes these experiments and
their specimen preparation methods. Since the dominant mode
of shear within the zone of liquefaction for most of the past
liquefaction ﬂow failures is similar to triaxial compression and
simple shearing conditions (Olson and Stark, 2003), only these
modes of shearing are considered in this paper. For DSS and
RS tests, the application of σ01c and consolidation occurs under
a laterally constrained condition imposed by the rigid lateral
boundaries of these apparatuses. As a result, Kc corresponding
to a laterally constrained condition (Ko) is produced in
these tests.
As shown in Figs. 1 and 2, su(yield) and su(liq) describe the
liquefaction-triggering condition and the subsequent behavior
after liquefaction occurs, respectively. The normalized differ-
ence between su(yield) and su(liq) is used in this study to
quantify the amount of undrained shear strength reduction
which occurs following the initiation of liquefaction. This is
commonly deﬁned by the undrained brittleness index, IB, as
shown below (Bishop, 1971):
IB ¼ su yield
ð Þsu liqð Þ
su yieldð Þ
ð1Þ
Fig. 3. Existing empirical correlations of su(yield)/σ0vo and su(liq)/σ0vo with in-situ penetration tests (Stark and Mesri, 1992; Olson and Stark, 2002, 2003; Mesri,
2007).
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brittle soil behavior associated with an extremely low su(liq),
while IB¼0 occurs in non-brittle or strain-hardening soils where
no strength reduction occurs during undrained shear. In the
following section, the liquefaction behavior of cohesionless soils
is characterized in terms of IB for the 813 laboratory shear tests
shown in Table 1. Note that su(yield) includes any initial shear
stress (τc), resulting from anisotropic consolidation, and the
additional shear stress required to cause strain-softening and
liquefaction. The post-liquefaction undrained strength, su(liq), is
selected at the end of the tests where a critical state of constanteffective stress and shear stress is attained following strain-
softening behavior. However, some of the undrained triaxial shear
tests exhibited a brief strain-hardening towards the end of the tests
after an extended range of constant effective stress and shear
stress. In these cases, the minimum undrained strength following
strain-softening behavior, which is more relevant to ﬂow failures
and stability analyses (Ishihara, 1993; Yoshimine et al., 1999),
is adopted as su(liq). This is because when instability and
deformation occur in the ﬁeld, the soil behavior may become
dynamic and turbulent due to inertial effects, and hardening may
not be possible under such circumstances.
Table 1
Summary of laboratory shear tests used in this study.
Shear test
(# of tests)
Sanda Kc FC (%) Reference
DSS (13) Monterey #0 (MT) Ko 0 Riemer (1992)
Ottawa (AP) 0 Sivathayalan and Ha (2011)
HCTS (119) Babolsar (MT) 0.33–1.0 0 Keyhani and Haeri (2013)
Fraser River (WP) 0.5–1.0 0 Sivathayalan and Vaid (2002)
Ottawa 20-30 (AP) 1.0 0 Alarcon-Guzman et al. (1988)
Syncrude (MT) 1.0 12 Wride and Robertson (1997a)
Toyoura (AP) 0.5–1.0 0 Yoshimine et al. (1998, 1999)
PSC (43) Changi (MT) 0.4–0.5 0.4 Chu and Wanatowski (2009), Wanatowski (2007),
Wanatowski and Chu (2007)
Masonry (MT) 0.4–0.5 0 Harris (1994), Mooney (1996)
Ottawa (MT) 0.5 0 Harris (1994)
RS (64) Illinois River (MT) Ko 1 Sadrekarimi (2009)
Mississippi River (AP) 38
Ottawa (MT) 0
M10 (MT) 76.2 Wang (1999b)
M20 (MT) 78.2
M30(MT) 80.4
M50 (MT) 84.6
S7 sand (MT) 10
S8 sand (MT) 73.9
Osaka group sand (AP) 1 Wang (1999a)
Silica sand (AP) 5
Toyoura (AP) 1
TxC (574) Alaskan (MT) 1.0 5 Jefferies and Been (2006)
Amauligak F-24 (MT) 1.0 21
Banding sand (MT) 0.5–1.0 0 Castro et al. (1982), Jefferies and Been (2006)
Barco 71 (MT) 1.0 0 Omar (2013)
Changi (MT) 0.43–1.0 0.4 Wanatowski and Chu (2007)
Coal mine tailings (MT) 1.0 0–4 Dawson et al. (1998)
Duval copper tailings (MT) 1.0 37 Chen (1984)
Erksak (MT) 1.0 0.7–1.0 Been et al. (1991), Jefferies and Been (2006)
Fraser River (MT, WP) 0.49–1.0 2–3 Konrad and Pouliot (1997), Vaid et al. (2001),
Wride and Robertson (1997b)
Garnet tailings (MT) 0.5–1.0 0–20 Highter and Tobin (1980), Lavigne (1988)
Hostun RF (MT) 0.36–1.0 0 Di Prisco et al. (1995), Doanh et al. (1997),
Finge et al. (2006),
Gajo and Piffer (1999), Konrad (1993)
Illinois River (MT) 1.0 1 Sadrekarimi (2009)
Leighton Buzzard (MT) 1.0 0 Hird and Hassona (1990), Sladen et al. (1985)
M31 sand (WP) 1.0 0 Tsomokos and Georgiannou (2010)
Merriespruit tailings (MT) 0.54–1.0 0–60 Fourie and Tshabalala (2005)
Mississippi River (AP) 1.0 38 Sadrekarimi (2009)
Monterey #0 (MT) 0.5–1.0 0 Riemer (1992)
Nerlerk sand (MT) 1.0 0–12 Hird and Hassona (1990), Jefferies and Been (2006),
Sladen et al. (1985)
Ottawa banding (MT) 1.0 2 Dennis (1988)
Ottawa 20/40 (MT) 1.0 0 Sadrekarimi (2009)
Ottawa sand with ﬁnes (MT) 1.0 0–15 Murthy et al. (2007)
Ottawa C109 with Kaolinite (MT) 1.0 0, 5 Sasitharan (1994)
Ottawa sand with Kaolinite (MT) 1.0 5–20 Skirrow (1996)
Portaway (MT) 1.0 1 Wang (2005)
Sacramento River (MT, AP) 0.44–1.0 0 Kramer and Seed (1988), Lee (1965)
Sand B (MT) 1.0 0 Castro (1969)
Sand C (MT) 1.0 1
Sydney (MT) 1.0 0 Chu (1995)
Syncrude tailings (MT) 0.5–1.0 10–12 Sladen and Handford (1987), Wride and Robertson (1997a)
Ticino (MT) 1.0 0 Konrad (1993)
Till Sand (MT) 1.0 32
Tottori (MT) 1.0 0 Takeshita et al. (1995)
Toyoura (AP, MT) 0.33–1.0 0 Kato et al. (2001), Verdugo (1992), Yoshimine (1996)
aLetters in parentheses represent specimen preparation methods as AP for air pluviation, MT for moist tamping, and WP for water pluviation.
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Fig. 4 presents IB versus σ01c/σ0n,liq for the large database
of laboratory shear tests presented in Table 1, where σ01c and
σ0n,liq are the major consolidation principal stress and the post-
liquefaction (i.e., associated with su(liq)) normal stress on the
failure plane, respectively. These correspond to the effective
vertical stresses in the DSS, HCTS, and RS tests. For the PSC
and TxC tests, σ0n,liq is calculated on the Coulomb failure plane
at an angle of 45þϕ0critical/2 with respect to the major principal
stress plane using the following equation:
σ
0
n;liq ¼
1
2
σ
0
1;liqþσ
0
3;liq
 
 1
2
σ
0
1;liqσ
0
3;liq
 
sin ϕ
0
critical ð2Þ
where σ01,liq and σ03,liq are the major and minor post-
liquefaction principal stresses, respectively, and ϕ0critical is
the critical state friction angle. The ranges in data are curve-
ﬁtted by the following equation:
IB ¼ exp A
Bσ01c=σ0n;liq
0:03
 !
ð3Þ
Data from all modes of shear are correlated with the average
constants of A¼2.1 and B¼1.5 with a coefﬁcient of correla-
tion of 0.86. Eq. (3), with constants of A¼1.1, B¼1.1,
and A¼3.6, B¼1.9, encompasses the upper and lower bounds
of the data, respectively. Fig. 4 and Eq. (3) indicate that
the severity of the liquefaction and the strain-softening
increases with an increasing σ01c or a decreasing σ0n,liq for
cohesionless soils.
Note that the upper boundary of Eq. (3) (with A¼1.1
and B¼1.1) is largely driven by the TxC tests on the moist
tamped specimens in Fig. 4d. This is because moist tampingTable 2
Static liquefaction ﬂow failures evaluated in this study.
No Case Triggering factor su (yield)/σ0vo
A Calaveras dam, USAa Construction loading 0.270
(0.255–0.295
B Fort Peck dam, USAa Construction loading 0.255
(0.230–0.285
C Helsinki Harbor, Finlanda Raising slope height 0.240
(0.210–0.260
D Kitimat ﬂowslide, Canadab Disturbance by low tide 0.203
E Lake Ackerman roada
embankment, USA
Weight of construction
equipment
0.245
(0.220–0.275
F Sullivan tailings dam,
Canadac
Raising dam height 0.241
(0.228–0.254
G Tar Island dyke, Canadaa Raising dyke height 0.265
(0.195–0.300
H Merriespruit tailings dam,
South Africac
Oversteepening of slope 0.226
(0.219–0.333
I Asele road embankment,
Swedena
Weight of construction
equipment
0.280
(0.232–0.316
aBased on limit equilibrium slope stability analyses of Olson (2001).
bFrom in-situ vane shear tests (Morrison, 1984).
cBased on limit equilibrium slope stability analyses of Muhammad (2012).produces a comparatively stiffer sand fabric and moist tamped
specimens often exhibit larger magnitudes of su(yield); and
thus, more severe strain-softening and larger brittleness is
ensued compared to specimens prepared by other methods
(DeGregorio, 1990; Høeg et al., 2000; Huang et al., 2004;
Mulilis et al., 1977). Eq. (3) further implies that strain-
softening and brittle behavior (IB40) arise for an average
σ01c/σ0n,liq42.3, which is very close to the ratio suggested by
Ishihara (1993) for the occurrence of strain-softening.5. Comparison with past static liquefaction ﬂow Failures
The application of Eq. (3) – developed based on a large
database of laboratory shear tests – to static liquefaction
failures, is evaluated by comparing the su(yield) estimated
from this equation with those mobilized in several cases of
static liquefaction ﬂow failures presented in Table 2. Except
for the submarine ﬂowslide in Kitimat, British Columbia, for
which su(yield) and su(liq) are obtained from in-situ vane shear
tests (Morrison, 1984), IB is calculated for these cases based on
the su(yield) and su(liq) back-calculated from static slope
stability analyses of the pre- and post-failure slope geometries,
respectively (Muhammad, 2012; Olson, 2001). As described
by Olson (2001) and Muhammad (2012), su(yield) was
obtained by back-calculating the shear stress mobilized in
the liqueﬁable soil zones of the pre-failure slope geometry
immediately prior to the static ﬂow failure. In these analyses,
su(yield) within the zone of liquefaction was varied in
Spencer's (1967) limit equilibrium slope stability analysis until
a factor of safety of one was achieved, while appropriate fully
mobilized drained shear strengths were assigned to
the soil zones initially above the phreatic surface or to thesu (liq)/σ0vo IB Soil type
)
0.112
(0.093–0.123)
0.584 (0.518–0.684) Silty sand
(FCE10–50%)
)
0.078
(0.048–0.097)
0.695 (0.579–0.832) Sandy silt
(FCE55%)
)
0.060
(0.037–0.098)
0.750 (0.533–0. 858) Sand
0.017 0.914 Fine silty sand to silt
)
0.076
(0.066–0.092)
0.690 (0.582–0.760) Clean sand
)
0.132 0.452 (0.420–0.480) Hydraulic ﬁll iron
tailings
)
0.058
(0.037–0.105)
0.781 (0.462–0.460. 875) Silty sand
(FCE10–30%)
)
0.026
(0.004–0.048)
0.885 (0.780–0. 989) Sandy silt(FCE60%)
)
0.104
(0.083–0.125)
0.629 (0.461–0.737) Silty sand(FCE
23–38%)
Fig. 4. Variation in IB with σ01c/σ0n,liq for (a) DSS and RS, (b) HCTS, (c) PSC, and (d) TxC shear tests shown in Table 1.
A. Sadrekarimi / Soils and Foundations 54 (2014) 955–966 961non-liqueﬁed soils. The critical failure surface associated with
the minimum back-calculated strength was often found to
conform to the descriptions of failure, eyewitness accounts,
and the reported post-failure morphology of the failure.
Sufﬁcient information (e.g., postfailure geometry, travel
path, and the distance of the failure soil mass) was available
in cases A, B, E, and F to consider the kinetics of failure.
Therefore, analyses of the kinetics of motion were conducted
by Olson (2001) and Muhammad (2012) for these cases based
on the procedure described by Davis et al. (1988). In this
method, the mobilized shear resistance is initially assumed to
be smaller than the static driving shear stress (i.e., weight of
the failure mass), causing the accelerated sliding of the failure
soil mass. With an increasing downslope displacement and
changes in slope geometry, the driving shear stress decreases
to an amount smaller than the soil shear resistance, and
thereby, decelerating the sliding soil mass until it reaches a
full stop (zero velocity) at the end of sliding. The correct
su(liq) is the shear resistance that provides a kinetically
calculated sliding displacement which is reasonably close to
the observed travel distance of the failure soil mass. Due tolimited information, simpliﬁed slope stability analyses
(Ishihara et al., 1990) were carried out to estimate su(liq) for
cases C, G, and I. In these analyses, su(liq) was calculated
based on the static driving shear stress in the post-failure slope.
The ranges in the undrained strengths reported in Table 2
reﬂect the uncertainties associated with the limits of the
liqueﬁed soil zone, the location of the failure surface, and
the shear strengths of the non-liqueﬁed soils, as well as the
variations in the effects of void redistribution, hydroplaning,
mixing with water, and changes in the weight of the liqueﬁed
material if the failure mass slid into a body of water
(Muhammad, 2012; Olson, 2001).
In order to apply Eq. (3) to the liquefaction ﬂow failures of
Tables 2, σ01c and σ0n,liq are replaced, respectively, with the
average pre-failure effective vertical stress (σ0vo) and the post-
liquefaction effective normal stress on the critical failure plane
in the zone of liquefaction. Based on Mohr-Coulomb's failure
criterion, the post-liquefaction effective normal stress is further
replaced with su(liq)/tan(ϕ0critical) in which ϕ0critical is the critical
state friction angle. Unless laboratory data are available,
ϕ0critical¼321711 is a reasonable assumption for most silica
A. Sadrekarimi / Soils and Foundations 54 (2014) 955–966962sands (Andersen and Schjetne, 2012; Bolton, 1986;
Sadrekarimi, 2013; Sadrekarimi and Olson, 2011). With these
changes, Eqs. (1) and (3) are combined and rearranged
as shown below in order to obtain su(yield)/σ0vo from IB
(in Eq. (4)) or from su(liq)/σ0vo (in Eq. (5)):
su yieldð Þ
σ 0vo
¼ tan 32
1
  ln IBþ0:03ð Þ
1 IBð Þ B ln IBþ0:03ð ÞA½ 
ð4Þ
su yieldð Þ
σ 0vo
¼ su liqð Þ=σ
0
vo
1:03exp A
B σ
0
vo tan 32
1ð Þ
su liqð Þ
 ! ð5Þ
Normalization with respect to σ0vo incorporates the variation
in σ0vo and allows the comparison of su(yield) among
ﬁeld liquefaction failures with different liquefaction depths
and Eqs. (4) and (5). According to Fig. 5, the average IB and
su(yield)/σ0vo of the liquefaction ﬂow failures closely follow the
average trend of Eq. (4), indicating that Eq. (4) provides
reasonable estimates of su(yield) mobilized in the static
liquefaction failures of sloping grounds. Note that while the
ranges in su(yield)/σ0vo from Eq. (4) also encompass the
su(yield)/σ0vo variations (error bars) of the liquefaction ﬂow
failures, the upper range of Eq. (4) – which is established
largely based on TxC shear tests on loose moist tamped
specimens (see Fig. 4d) – is signiﬁcantly larger than the values
of su(yield)/σ0vo from the liquefaction ﬂow failures. This
implies that the in-situ fabric of the soils involved in the
liquefaction ﬂow failures of Table 2 was likely similar to those
developed by air pluviation or water pluviation specimen
preparation techniques. Through the combination of Eqs. (4)
and (5), the average relationship of su(liq)/σ0vo with IB is also
presented in Fig. 5. According to this ﬁgure, brittleness
initially arises primarily by the decrease in su(liq)/σ0vo, while
su(yield)/σ0vo remains roughly around 0.26 for 0.1o IBo0.8,
which reﬂects the larger impact of Drc (and thus, IB) on su(liq)/
σ0vo than on su(yield)/σ0vo (see Fig. 2). However, at IB¼0.8,
su(yield)/σ0vo exhibits a sharp decline and continues to decrease
with an increasing IB at a greater gradient for very brittleFig. 5. Comparison of su(yield)/σ0vo and su(liq)/σ0vo in liquefaction ﬂow failures
shown in Table 2 (datapoints) with Eq. (4).cohesionless soils (IB40.8), which is supported by both
laboratory shear tests and ﬁeld liquefaction ﬂow failures.
Although Kc does not appear in Eqs. (3) and (5), based on
the plots of Fig. 4, the available soil resistance and the margin
of safety against liquefaction triggering at su(yield) would
decrease with an increasing τc beneath a sloping ground or a
foundation. Accordingly, a relatively small undrained distur-
bance (from τc to su(yield)) might initiate a sudden ﬂow failure
in a sandy soil under a sloping ground. The risk of such failure
increases with an increasing τc or slope angle.
Note that void redistribution, pore water pressure migration,
water layer formation, particle damage, and strain localization
(Kokusho and Kojima, 2002; Kramer and Seed, 1988;
Kulasingam et al., 2004; Malvick et al., 2008; Mizanur and
Lo, 2012; Sadrekarimi and Olson, 2010a; Sassa, 2000; Seid-
Karbasi and Byrne, 2007) would have affected su(yield) and
su(liq) mobilized in ﬁeld liquefaction ﬂow failures of Table 2,
as well as the laboratory shear tests of Table 1 (Ayoubian and
Robertson, 1998; Batiste et al., 2004; Boulanger and Truman,
1996; Gilbert and Marcuson, 1988; Sadrekarimi and Olson,
2010a, b; Vaid and Eliadorani, 1998; Wanatowski et al.,
2010). The ranges in back-calculated su(yield)/σ0vo and
su(liq)/σ0vo, presented in Fig. 5 and Table 2, ascertain the
effects of these phenomena as well as the uncertainties in the
shear strength of non-liqueﬁed soils, the location of the failure
surface, and the dimensions of the liquefaction zone. There-
fore, the combined effects of these phenomena are implicitly
accounted for in Figs. 4 and 5 as well as in Eqs. (3) and (5).
More research is indeed needed to separately characterize these
circumstances and to quantify their potential impact on ﬁeld
and laboratory liquefaction studies and su(yield).
6. Application to liquefaction analysis of sloping grounds
In order to account for the effect of soil dilatancy, Eq. (5)
can be employed to calculate su(yield)/σ0vo from a measured
value of su(liq)/σ0vo.su(liq) can be directly measured by
laboratory shear testing of undisturbed ﬁeld samples obtained
by ground freezing techniques (Hofmann et al., 2000) or by
high-quality tube sampling and correcting su(liq) for the effects
of changes in void ratio due to sampling, handling, and the test
setup (Poulos et al., 1985). However, because of the inherent
variability of the in-situ void ratio within a certain cohesionless
soil layer, and the high sensitivity of su(liq)
in cohesionless soils to void ratio variations and sample
disturbance, a limited number of frozen soil samples and
laboratory shear tests would not represent the in-situ su(liq)
of the entire soil layer, particularly when signiﬁcant stratiﬁca-
tion is present. Accordingly, SPT- and CPT-based empirical
correlations (Idriss and Boulanger, 2007; Mesri, 2007; Olson
and Stark, 2002; Robertson, 2010) are recommended to obtain
the in-situ su(liq)/σ0vo. In particular, an electronic CPT detects
thin liqueﬁable layers and rapidly provides a continuous proﬁle
of the soil variability with excellent repeatability and accuracy
at lower costs than any other in-situ tests. Therefore, empirical
correlations of CPT with su(liq) are more reliable and exhibit
less scatter than those for su(yield). The SPT- and CPT-based
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are considered more appropriate as they incorporate the effects
of failure kinetics, potential hydroplaning, soil mixing, and the
shear strength of non-liqueﬁed soils in providing the best
estimate of su(liq)/σ0vo. The aforementioned procedure is
demonstrated in the following paragraphs for assessing the
triggering of liquefaction for a dyke to the north of Wachusett
Dam and Duncan Dam.
6.1. Dyke to the north of Wachusett Dam
Wachusett Dam is the main water supply reservoir for the
city of Boston which is located about 48 km west of the city.
On April 11th, 1907, the upstream shell of an adjacent dyke
constructed of an uncompacted sand to silty sand deposit
(D50E0.42 mm, FC¼5–10%) at the north of Wachusett Dam
underwent static liquefaction ﬂow failure during the initial
ﬁlling of its reservoir. Standard penetration tests carried out in
the upstream ﬁll soils indicated an average SPT blow count,
(N1)60 of 7 (Olson et al., 2000), which corresponds to an
average su(liq)/σ0vo¼0.083 based on the empirical relationship
of Olson and Stark (2002). Accordingly, an average liquefac-
tion triggering su(yield)/σ0vo¼0.25 is calculated from Eq. (5)
for the loose upstream ﬁll. This is slightly less than the initial
driving shear stress ratio of 0.26–0.30 in the upstream slope of
the dyke (Olson et al., 2000), and therefore, explains the
occurrence of static liquefaction failure of the dyke. The
resulting average IB¼0.68 (from Eq. (1)) is also within the
range of those observed in the static liquefaction ﬂow failures
of Table 2.
6.2. Duncan Dam
Duncan Dam is located on the Duncan River about 8 km
upstream of Kootenay Lake in British Columbia, Canada. TheFig. 6. Comparisons of su(yield)/σ0vo relationships with (a) (N1)60, a39-m high dam consists of a zoned earth-ﬁll embankment with
a crest length of 792 m, which was founded on an approxi-
mately 380-m-thick deposit of liqueﬁable ﬁne silty sand
(Byrne et al., 1994). Although Duncan Dam has never
experienced any liquefaction failures, the wealth of available
data makes this an ideal case for evaluating Eqs. (3) and (5) in
a liquefaction-triggering analysis. Normalized SPT blow
counts, (N1)60 of 10 to 18 were measured in the loose sand
beneath Duncan Dam (Plewes et al., 1994). These correspond
to an average su(liq)/σ0vo¼0.135 (ranging from 0.105 to 0.165)
from the SPT-based empirical correlation of Olson and Stark
(2002), and hence, average IB¼0.481 and su(yield)/σ0vo¼0.260
from Eqs. (3) and (5), respectively. The calculated su(yield)/σ0vo
is within the range of su(yield)/σ0vo=0.23–0.28 measured in
DSS tests on undisturbed specimens of Duncan Dam sand
obtained by the coring of frozen samples (Pillai and Salgado,
1994).
From the limit equilibrium stability analysis of the original
pre-failure geometry of Duncan Dam, Olson (2006) calculated
an average driving shear stress ratio (τc/σ0vo) of about 0.12.
Liquefaction is triggered when the su(yield) calculated from
Eq. (5) is exceeded by the total driving shear stress (including
τc). Therefore, considering the relatively large increment of
0.14 (from τc/σ0vo¼0.12) required to exceed su(yield)/
σ0vo¼0.260 and trigger liquefaction, as well as the relatively
small IB¼0.481 of Duncan Dam, compared to those in the
static liquefaction ﬂow failures of Table 2, the risk of static
liquefaction triggering and the occurrence of a catastrophic
ﬂow failure is comparatively remote for Duncan Dam. This
corroborates with BC Hydro's report about the performance
and liquefaction safety of this dam (Olson, 2006).
Accordingly, Eqs. (3) and (5) provide reasonable estimates
of su(yield)/σ0vo for the liquefaction-triggering analysis. Fig. 6
compares the estimates of Eq. (5) with those of Olson
and Stark (2003). According to this ﬁgure, the key advantagend (b) qc1 of Olson and Stark (2003) with those from Eq. (5).
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increasing soil dilatancy with the increasing penetration
resistance (or Drc in Fig. 2) on reducing the amount of
undrained strength loss from su(yield) to su(liq) in cohesionless
soils is accounted for in the estimation of su(yield), and hence,
for the ﬁeld liquefaction-triggering analysis. As the amount of
kinetic energy imparted on a sliding soil mass depends on the
amount of shear strength reduction upon failure, and thus, IB
(Bishop, 1973), the proposed method provides a potential
mechanism for differences in the amount of travel distances
among liquefaction ﬂow failures, which is not possible with
the existing empirical correlations presented in Fig. 3. For
example, besides the possible effects of ground topography,
boundary conditions, and hydroplaning, the larger IB (see
Table 2) associated with the liquefaction ﬂowslide of the
Merriespruit tailings dam (IB¼0.89; actual travel distance of
2000 m) would suggest a greater travel distance than that
following the ﬂow failure of Calaveras Dam (IB¼0.58; actual
travel distance of about 200 m). Accordingly, Eq. (5) and the
proposed technique implicitly provide vital information about
the performance level of a sloping ground if liquefaction
occurs. Besides, as Fig. 4 and Eqs. (3) and (5) are based on
data from multiple modes of shear (DSS, HCTS, PSC, RS, and
TxC), soil fabrics (moist tamped, air pluviated, water plu-
viated), and consolidation stress states (Kc=0.33–1.0 in the
laboratory tests of Table 1), this procedure is applicable under
all of these conditions.
Note that liquefaction also occurs under cyclic loads as a
result of excess pore water pressure generation from a repeated
number of loading and unloading shear stress cycles and the
excursion of the effective stress path to the instability line
without reaching su(yield), whereas exceeding su(yield) is the
primary mechanism of static liquefaction by a monotonically-
increasing triggering load in a saturated cohesionless soil.
Therefore, the triggering mechanism of cyclic liquefaction
events is quite different than liquefaction triggered by
monotonically-increasing loads, and the approach proposed
in this study is only applicable to liquefaction-triggering
analyses of sloping grounds by monotonic loads. As a result
of the failure to recognize this fundamental difference between
monotonic and cyclic liquefaction triggering mechanisms,
Olson and Stark (2003) and Olson (2001, 2006) erroneously
extended the application of su(yield) to seismic liquefaction-
triggering analyses. This would incorrectly assign much larger
cyclic shear strengths to liqueﬁable soils or mark soil zones
that would otherwise liquefy under a given cyclic load as non-
liqueﬁable. Therefore, the application of their method to
seismic liquefaction-triggering analyses could be excessively
unsafe and is not recommended.
7. Conclusions
While the existing methods for liquefaction-triggering
analyses of sloping ground conditions are either overly
expensive or fail to account for the dilatancy behavior of
cohesionless soils, an empirical approach has been developed
in this study to estimate the liquefaction-triggering strength ofstrain-softening saturated cohesionless soils subject to a
monotonically-increasing shear load. The proposed method
accounts for the effect of increasing soil dilatancy – observed
in a large database of laboratory experiments – with an
increasing soil density or in-situ penetration resistance on
reducing the amount of undrained strain-softening and brittle-
ness of cohesionless soils. This allows the method to differ-
entiate among liquefaction ﬂow failures with different travel
distances based on the amount of undrained strength reduction
and brittleness exhibited following the initiation of liquefaction
failure.
It has been demonstrated that the proposed method provides
reliable estimates of the su(yield) mobilized in past liquefaction
ﬂow failures, which conforms to the fundamental physics of
soil behavior by accounting for the effect of soil dilatancy.
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